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PENDAHULUAN

In various mathematical applications, both in science and engineering, we often encounter the
equation f(x)=0, which is used to determine the value of a specific parameter, for example, the voltage
value of a solar panel (M Rasheed, et al. 2020). The problem faced with this equation is determining its
roots. If the equation is a quadratic equation, it is certainly easy to solve. If the equation is a polynomial
of degree 3 or an exponential function, a sinusoidal function, or a combination of at least two of these, it
will be a more challenging task.

Various methods for determining the solution to this equation are generally numerical and are
widely found in the literature. Generally, these methods are divided into two groups: closed and open.
Essentially, both methods can only produce a single root in a single calculation.

Scientists have developed methods for determining the roots of a nonlinear equation with more
than one root. The Newton-Raphson and Secant methods can determine multiple roots of a nonlinear
equation (Chapra, 2010). The modified Bisection method and the modified Brent method can determine
multiple roots of a polynomial equation if the initial values selected for both methods clamp one of the
roots (Batarius, 2021).

Aitken's Extrapolation Algorithm (AIM) and the Three-Step Method (ITM), both more recently
developed methods, can only determine the roots of a single polynomial in a single process (M. Rasheed,
et al. 2020). The modified Brent and Bisection methods can determine multiple roots of a polynomial
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equation, but not necessarily other forms of nonlinear equations (Batarius, 2021). The iterative q method
can determine the roots of an equation of the f(x) = xe*’ — sin’x + 3 cosx + 5, but only one root is
obtained in a single calculation (Gul Sana, et al., 2021).

The Regula Falsi method generally has a faster convergence rate for determining the roots of third-
degree polynomials, and only one root is obtained in a single calculation (Nur Hafidz, et al., 2023).
The Monte Carlo method has been widely used in statistics to predict the value of a probabilistic variable,
where the solution to a problem is given based on calculations of the distribution of a particular random
variable (Yusmaity, et al., 2019).

The Monte Carlo method approach can determine the exact solution to an integral problem

(Halimovich, et al., 2022), and the Monte Carlo method approach can be used effectively to calculate the
roots of an algebraic equation (Abadi & Bahnamriri, 2016). Implementation of the Monte Carlo method in
the Bisection method can determine several roots of a non-linear equation (Etesami, et al, 2021).
With the development of modern computer technology, calculations using numerical methods that
seemed impossible can now be done well (Temencan, et al, 2020). Therefore, in this study, a comparison
will be made between the implementation of the Monte Carlo method in the Bisection method and the
Regula Falsi method, which are closed methods for determining several roots of nonlinear equations in
polynomial and non-polynomial forms using Matlab programming as a calculation tool.

URAIAN TEORI

A nonlinear equation is an equation in the form of a polynomial or exponential, sinusoidal,
logarithmic, or a combination of at least two of these forms written in the form f(x)=0.
In numerical methods, the method for determining the roots of the equation is divided into closed
methods, namely those that use two initial values (lower and upper limits) in the calculation process,
including the Bisection and Regula Falsi methods, and open methods that use one initial value in the
calculation process, including the Newton-Rapson and Secant methods (Chapra, 2010)

Bisection Method
Suppose X is a root of a nonlinear equation f(x)=0 located in the interval [a,b] where f(a).f(b)<0.
Algorithm.
Define: ag =a,by =bx, = %(ao + by)
n=1

If flan_1) - f(xn_1) <0, define a, = a,_1, by, = Xp_q, Xp = i(an + by).
If f(an_1).f(x,_1) > 0,define a, = x,_1, b, = byy_q, X, = %(an + by,).
If f(ap-1).f(xp-1) =0,s0 X = x,_, (Radi&Hami, 2018).

Falsi Regula Method

Suppose X is the root of a nonlinear equationf (x) = 0 which lies in the interval [a,b] where f(a). f(b) <
0. Algoritma.
Defenisikan :

_ _ _ bo-ao
a, =a,by = b,x, = by — f(bo)f(b) ) andton >1

) bn—an
If f(an—1). f (xp—1) <0, define a, = a,,_1, by, = Xp_1, Xp = by — f(by) o) ;(an)

) by—an
If f(an—1)- f (xp—1) > 0, define a,, = x,,_1, b, = by_1, X, = by, — f(by,) o) ;(an)
If f(ay_1)-f(xp—1) = 0,s0 X = x,,_, (Radi&Hami, 2018).

Monte Carlo Method

Monte Carlo methods are a class of computational algorithms that rely on recursive random sampling to
compute related results. They are often used for simulations in computational physics, computational
chemistry, and numerical integral calculations. They are well-suited to computer calculations because they
perform iterative calculations using random numbers from a specific distribution. They are considered
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particularly suitable when the answer to a deterministic algorithm is impossible to prove (Abadi &
Bahnamriri, 2016).

METODE PENELITIAN

This research was conducted quantitatively through an experimental process, taking two examples of
nonlinear equations: a polynomial form with at least three real roots and a combination of at least two with
an exponential, sinusoidal, or logarithmic form with at least three real roots.

The following are the steps taken in this research:

Determine the nonlinear equation whose real roots will be found, with at least three different real roots.
Determine the same initial values for the Bisection and Regula Falsi methods. Then, apply/implement the
Monte Carlo method to both the Bisection and Regula Falsi algorithms.

Obtain the results/roots of the nonlinear equations for both cases mentioned in step one. Then compare
each example for the two methods used in terms of accuracy of the results and speed of convergence.

Determining the Roots of a Nonlinear Equation Using the Monte Carlo Method

Suppose f(x)=0 is a nonlinear equation that has at least 3 different real roots. The following are the steps
used to determine the roots of the equation
Bisection Method.

e (Generate random numbers from a uniform distribution for a given initial value of n.

e Determine the tolerance value to be used.

e Sort the random numbers by their position on the real number line
(xl' X2, Xn—1 xn)-

e Take [x1,x;]if f(x1).f(x2) < 0 use Bisection algorithm to determine the roots of the
equation and continue the process with [x,, x3] , else continue with [x,, x3]. And so on
until [x,,_1, x,].

Falsi Regula Method

e Generate random numbers from a uniform distribution for a given initial value of n.

e Determine the tolerance value to be used.

e Sort the random numbers by their position on the real number line
(1, X2, X1, Xp)-

e Take [xq,x,]if f(x;1).f(x,) < 0 use the Regula Falsi algorithm to find the roots of the
equation and continue the process with [x,, x3], else continue with [x,, x3]. And so on
until [x,,_q, x,].

HASIL PENELITIAN

The equation used in this study is :

1. x*—2x®—21x*+22x+40=0

2. x%e*’ +%xe"2 —%exz — 3x2 —Zx —Z =0
The initial values used in equation 1 are [-10,10] and in equation 2 are [-2,2]. The tolerance value is e=10"(-
6) for both methods.
In the first case, 200 random numbers are generated for the interval [-10,10] with a uniform distribution,
representing the Monte Carlo method. In the second case, 100 random numbers are generated from a
uniform distribution.

The results obtained are:
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Case 1

A visualization of the function graph f(x) = x* — 2x® — 21x2? + 22x + 4 , where the blue circle
marks are the intersection points of the curve of the function with the x-axis or the exact roots of the
equation in question. While figures 2 and 3 are visualizations of the equation graph along with the roots of
the Monte Carlo Method implementation process in the Bisection algorithm marked with red circles and in
the Regula Falsi algorithm marked with green circles. While the results of the root calculations from the two
methods are presented in table 1 and as a comparison the exact root values are presented in table 2.
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Figurel. Grafik dari f(x) = x* — 2x3 — 21x% + 22x + 4
dan akar eksak
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Figure 2 Grafik dari f f(x) = x* — 2x3 — 21x% + 22x + 4
dan akar Bisection-Monte Carlo
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Figure 3. Grafik dari f(x) = x* — 2x3 — 21x? + 22x + 4
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dan akar Regula Falsi-Monte Carlo

Table 1. Comparison of the results of the Bisection Method and Regula Falsi by implementing the Monte
Carlo Method for the equationx* — 2x® — 21x% + 22x + 4 =0

Bisection Regula Falsi
AKkar ( x;) Iterasi Galat AKkar ( x;) Iterasi Galat
-4.000005 15 1.0e-04 *0.053157 -3.999999 4 1.0e-07 *-.613198
-1.000016 18 1.0e-04 *0.110667 -0.999999 4 1.0e-07 *-.114407
1.999989 18 1.0e-04 *0.105010 1.999999 4 1.0e-07 *0.289994
4.999996 18 1.0e-04 *0.05042 4.999999 5 1.0e-07 *-.000126

Sumber : Data Processed Matlab R2015a, 2015

Table 2. Exact roots in case 1
Exact roots (x;)
-4 -1 2 5
Sumber : Data Processed Matlab R2015a, 2015

Case 2

A visualization of the function graphf(x) = x2e*” + ixe"2 - Zexz —3x%— Zx - Z, where the blue circle
marks are the points where the curve of the function intersects the x-axis or the exact roots of the equation
in question. Figures 5 and 6 show the graphical visualization of the equation and its roots from the Monte
Carlo implementation process in the Bisection algorithm and the Regula Falsi algorithm. The root
calculations through the Monte Carlo implementation in both algorithms are given in Table 2

Grafik f(x)=x2exp(x2)+0.25*xexp(x?)-0.375*exp(x2)-3*x2+0.75x+1.125
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Figure 4. Graph of f(x) = x2e* + ixe"2 - Ze"z —3x% — %x —Z

and exact roots
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Figure 5. Graph of f(x) = x2e*" + ixe"2 — %exz —3x2 22
and the roots of Bisection-Monte Carlo
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Figure 6 . Graph of f(x) = x2e*” + %xe"2 - Zexz —3x% — Zx - Z
and the roots of the Regula Falsi-Monte Carlo

Table 3. Comparison of the results of the Bisection Method and the Regula Falsi by implementing

the Monte Carlo Method for the equation x"2e*” + %xe"2 - gexz —3x%— %x - g =0
Bisection Regula Falsi
Akar( x;) Iterasi Galat Akar (x;) Iterasi Galat
-1.048386 15 1.0e-03 * 0.284095 -1.049814 4 1.0e-04 * 0.466025
-0.75641 16 1.0e-03 * 0.634251 -0.749999 4 1.0e-04 *-0.005376
0.499978 14 1.0e-03 * 0.386096 0.499999 2 1.0e-04*-0.000007
1.048123 16 1.0e-03 *0.110951 1.048146 5 1.0e-04 *-0.470744

Sumber : Data Processed Matlab R2015a, 2015

Table 4. Exact roots in case 2
Exactroots (x;)
-1.0841 -0.75 0.5 1.0481
Sumber : Data Processed Matlab R2015a, 2015

PEMBAHASAN

Based on the results obtained from the calculations using MATLAB above, it can be seen that in
cases 1 to 4, the real roots of the equation can be approximated very well by the implementation of the
Monte Carlo method on both algorithms used in this study. In the Bisection method, the number of
iterations until the solution converges ranges between 15-18 iterations and the error is in a very small
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range, namely 4 x 107° sampai 16 x 107¢. In the Falsi Regula Method, the number of iterations until the
solution converges is 4 and 5 iterations, and the resulting error is in the range 1 x 107°.

In cases 2, the 4 real roots of the equation can also be approximated very well by implementing
the Monte Carlo method in both algorithms. In the Bisection algorithm, the number of iterations until the
solution converges is in the range of 14-16 iterations, and the resulting error is in the values 2,1 X 107° to
6,4 x 1073. Meanwhile, in the Regula Falsi algorithm, the number of iterations required until the solution
converges is in the range of 2-5 iterations, and the resulting error ranges from the value 1 x 107¢ to
4,5 X% 107°.

PENUTUP

The Monte Carlo method implemented in the Bisection and Regula Falsi algorithms can accurately
determine multiple roots of a nonlinear equation in polynomial form, as well as a combination of
exponential and polynomial forms, in a single calculation. This can be concluded from the very small
resulting error.

From the two case studies used in this study, it is clear that the convergence speed of the Regula Falsi
method is much faster, in the range of 2-5 iterations, compared to the Bisectioan method, which is in the
range of 14-18 iterations. Likewise, the error generated by the Monte Carlo method implemented in the
Regula Falsi algorithm is much smaller than that of the Monte Carlo method implemented in the Bisection
algorithm.

The methods used in this study are closed methods (Bisection and Regula Falsi), which use two initial
values to pin down the roots of the equation. It would be beneficial to try them with open methods
(Newton-Raphson and Secant), which use a single initial value.
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